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Question b

The figure above shows the graph of /7, the derivative of a
twice-differentiable function f, on the interval [-3, 4]. The
graph of f’ has horizontal tangents at x = -1, x = 1, and
x = 3. The areas of the regions bounded by the x-axis and
the graph of /* on the intervals [-2, 1] and [1, 4] are 9 and
12, respectively.

(a) Find all x-coordinates at which f has a relative
maximum. Give a reason for your answer.

(b) On what open intervals contained in -3 < x < 4 is the
graph of f both concave down and decreasing? Give a
reason for your answer.

]

(J/]

Graphof /*

(c) Find the x-coordinates of all points of inflection for the graph of f. Give a reason for your answer.

(d) Given that f(1) = 3, write an expression for f(x) that involves an integral. Find f(4) and f(-2).

(@ S(x)=0atx=-2,x=1and x =4
f'(x) changes from positive to negative at x = -2,
Therefore, f has a relative maximum at x = -2,

(b) The graph of f'is concave down and decreasing on the intervals

i

-2 <x<~-land | < x <3 because [ isdecreasing and
negative on these intervals.

(c) The graph of f has a point of inflection at x = -1 and x = 3
because /' changes from decreasing to increasing at these
points.

The graph of f has a point of inflection at x = I because [’
changes from increasing to decreasing at this point.

@ S(x)=3+[ S0y
4
J(4)=3+ jl S(t)ydt =3 +(-12) = -9

~2 1
2 =3+ " fyde=3-[ feya
=3-(-9)=12
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1 ; identifies x = =2
1 : answer with reason

I :intervals
| : reason

1 : identifies x = =1, 1, and 3
1 : reason

| : integrand
1 : expression for f{x)

1: /(4) and f(-2)
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Question 3

The function / is defined on the closed interval [-5, 4]. The graph

of f consists of three line segments and is shown in the figure above.

Let g be the function defined by g(x) = J: f(t)dt.

(a)

Find g(3).

(b) On what open intervals contained in -5 < x < 4 is the graph

of g both increasing and concave down? Give a reason for your

answer.
) ) g(x) .. (4. 4)
(c) The function /4 is defined by A(x) = SR Find A'(3).
: . ) y (ira f
(d) The function p is defined by p(x) = /1 (x2 - x). Find the slope Heapiter §
of the line tangent to the graph of p at the point where x = —1.
3
(a) g(3):_[_3f(t)d1=6+4—1=9 | : answer
(b) g’(x) = f(x) 5. . answer
| 1:reason
The graph of g is increasing and concave down on the
intervals -5 < x < -3 and 0 < x < 2because g’ = [ is
positive and decreasing on these intervals.
; Sxg'(x)-g(x)5 5xg'(x)-5g(x .
© H(x)= 22803 _ 30~ Se(x) 2K ()
(5%)° 25x 313,
: answer
w3y = G2 (3)2— 58(3)°
25-3
_I(=)-509) _-715_ 1
a 223 225 7 3
@ p(x)=s(x* - x)(2x-1) 3. [2:P ()
" | 1: answer

P = /(2)(3)=(-2)(-3) =6

© 2014 The College Board.
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The figure above shows the graph of f*, the derivative
of a twice-differentiable function f, on the closed interval
0 < x < 8. The graph of /' has horizontal tangent lines
at x =1, x =3, and x = 5. The areas of the regions
between the graph of /* and the x-axis arc labeled in the
figure. The function f is defined for all real numbers and
satisfies f(8) = 4.
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Question 4

(8.5)

Area =7

(a) Find all values of x on the open interval 0 < x < 8
for which the function / has a local minimum.
Justify your answer. o
(b) Determine the absolute minimum value of f on the Grsphof
closed interval 0 < x < 8. Justify your answer,
(¢) On what open intervals contained in 0 < x < 8 is the graph of / both concave down and increasing?
Explain your reasoning.
(d) The function g is defined by g(x) = (f(x))’. If f(3) = —%, find the slope of the line tangent to the
graph of g at x = 3.
(a) x = 6 is the only critical point at which /" changes sign from | 1 : answer with justification
negative to positive. Therefore, / has a local minimum at
x = 6.
(b) From part (a). the absolute minimum occurs either at x = 6 or |l :considers x =0and x = 6
at an endpoint. 3.4 1 answer
0 B ;
S(0)=/(8) + -[s S(x) dx 1 : justification
8
= 1(8) —.foj"(x)afx =4-12=-8
. B
J(6) = S ®) + [, /'(x) as
8
= f(8) - jﬁ f(x)dx=4-7=-3
(3 =4
The absolute minimum value of / on the closed interval [0, 8]
is -8,
(¢) The graph of f is concave down and increasing on 0 < x < 1 5. 1 : answer
and 3 < x < 4, because /7 is decreasing and positive on these | 1: explanation
intervals.
@ g'(x) =3[/ S (x) 5.12:8(x)
" [ 1: answer

g() =3/ G 1'G) = 3(—%)2 riiE

© 2013 The College Board.
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Question 3

Let / be the continuous function defined on [-4, 3]
whose graph, consisting of three line segments and a
semicircle centered at the origin, is given above. Let g

be the function given by g(x) = Lx S()ar.

(a) Find the values of g(2) and g(-2).

(b) Foreach of g"(—3) and g”(-3), find the value or I I I Q_/\ ]
state that it does not exist.

(3,~1)

(c) Find the x-coordinate of each point at which the
graph of g has a horizontal tangent line. For each Graph of f
of these points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor
a maximum at the point. Justify your answers.

(d) For —4 < x <3, find all values of x for which the graph of g has a point of inflection. Explain your

reasoning,
e = _Lmy(ly=_1 :
@ &)= [ f0d=-30)(5)=-1 R
= C8-
g2 =["rwya=-[ ruwya
= _(1 - 1) -z 3
2 2 2 2
) gx)=/(x) = g(3)=s(-3)=2 % { 1:g'(-3)
g(x)=r(x) = g(-3)=f(3)=1 11:87(-3)
(c) The graph of g has a horizontal tangent line where 1 : considers g’(x) =0
g'(x) = f(x)=0. This occurs at x = -1 and x = 1. 3:41l:x=-land x =1

1 : answers with justifications
£'(x) changes sign from positive to negative at x = —1.
Therefore, g has a relative maximum at x = —1.

£'(x) does not change sign at x = 1. Therefore, g has
neither a relative maximum nor a relative minimum at x = 1.

(d) The graph of g has a point of inflection at each of 1 : answer
” , 2: .
x=-2, x=0, and x =1 because g"(x) = f"(x) changes 1 : explanation
sign at each of these values.

© 2012 The College Board.
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Question 4

The continuous function [ is defined on the interval —4 < x < 3.

The graph of / consists of two quarter circles and one line
segment, as shown in the figure above.

Let g(x) =2x + Ljf(l) at.

(a) Find g(-3). Find g'(x) and cvaluate g'(-3).

(b) Determine the x-coordinate of the point at which g has an
absolute maximum on the interval -4 < x < 3,

Justify your answer.

(c¢) Find all values of x on the interval —4 < x < 3 for which

the graph of g has a point of inflection. Give a reason for
your answer.

(d) Find the average rate of change of / on the interval

Graph of f

—4 < x = 3. There is no point ¢, =4 < ¢ < 3, for which f"(c) is equal to that average rate of change.
Explain why this statement does not contradict the Mean Value Theorem.

@ o(-3) =23+ f@yd=-6-2%

g(x) =2+ /(x)
g'(—3) =2+ f(3)=2

(b) g'(x) =0 when f(x)=-2. This occurs at x =

NIU:

g'(X)>0forf4<x<%and g’(x)<0for—§—<x<3.

Therefore g has an absolute maximum at x = %

(c) g"(x) = f"(x) changes sign only at x = 0. Thus the graph
of g has a point of inflection at x = 0.

(d) The average rate of change of / on the interval —4 < x < 3 is

FBl~f=D 2

3-(-4 7
To apply the Mean Value Theorem, /" must be differentiable
at each point in the interval -4 < x < 3. However, [ is not

differentiable at x = -3 and x = 0.

© 2011 The College Board.

(S}
]

1 8'(x)
L g'8)

—

1 : considers g'(x) = 0

3 : < 1 :1identifies interior candidate

1 : answer with justification

1 : answer with reason

| 1 : average rate of change
" | 1: explanation
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Question 6
Let g be the piccewise-linear function defined on [-27, 47] y

whose graph is given above, and let f(x) = g(x) - cos(—g).

4
(a) Find J. : S{(x) dx. Show the computations that lead to your
27

answer. #

(b) Find all x-values in the open interval (-27, 47) for which f
has a critical point. Graph of g

() Let h(x) = I;xg(t) dr. Find h’(—%).

(@) f;, S(x)dx = Ji: (g(x) — cos (%)) dx ). { 1 : antiderivative
e [zsm (i):lxﬂ,, 1 : answer
27 ) pm2a
= 67°

1+ lsin(i) for-27 <x<0

® J(x)=g(n)+gsin(3) =4 2 1:%(°°S(§))

—%+%—sin(i) for0<x <dn 411 ()
l:x=0
S"(x) does not exist at x = 0. l:x=7
For—2r <x< 0, Filxj=0.
For 0 < x <4z, f'(x)=0 when x = 7.
J hascritical pointsat x =0 and x = 7.
(cy H(x)=g(3x)-3 3 {2 D (x)
| 1: answer

h’(f%) = 3g(-7) = 3%

© 2011 The College Board.
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Question 5

(3.3

(~7.-1)
Graph of g’

(5.-1)

The function g is defined and differentiable on the closed interval [-7, 5] and satisfies g(0) = 5. The graph of

y = g'(x), the derivative of g, consists of a semicircle and three line segments, as shown in the figure above.

(a) Find g(3) and g(-2).

(b) Find the x-coordinate of each point of inflection of the graph of y = g(x) on the interval =7 < x < 5.
Explain your reasoning,

(¢) The function 4 is defined by A(x) = g(x) - —é—xz. Find the x-coordinate of each critical point of /4, where
=7 < x < 5, and classify each critical point as the location of a relative minimum, relative maximum, or
neither a minimum nor a maximum. Explain your reasoning,

3 .22
(@ g@)=5+[gdr=5+L2, 3 B, 1:uses g(0) =5
0 4 2 2 ;
A 3:<1:g(3)
g(-2)=5+j0 g(x)dx=5-7x 1: g(-2)

(b) The graph of y = g(x) has points of inflection at x = 0, x = 2, 5. { 1 : identifies x = 0,2,3
and x =3 because g’ changes from increasing to decreasing at ~ | 1: explanation
x=0and x =3, and g’ changes from decreasing to increasing at
x=2

(©) M(x)=g'(x)-x=0=¢g'(x)=x : Bix)

On the interval -2 < x £ 2, g'(x) = V4 - x%.

On this interval, g'(x) = x when x = V2.

The only other solutionto g'(x) = x is x = 3.
Hix)=g'(x)-x>0for 0< x <2
W(x)=g'(x)—x<0forv2 <x<5

Therefore 4 has a relative maximum at x = ¥2, and A has neither
a minimum nor a maximum at x = 3.

© 2010 The Ccllege Board.
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s identifies x = 2,3
- answer for ¥2 with analysis
: answer for 3 with analysis
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Question 6

The derivative of a function £ is defined by ¥
g(x) for -4<x<0

(x) = :
S1(x) {5{3”’:’3—3 for 0<x<4 \/\
The graph of the continuous function f’, shown in the figure above, has __ . : ,

x-intercepts at x = =2 and x = 3In (g) The graphof g on -4<x <0

is a semicircle, and f(0) = 5, Graph of f*

(a) For —4 < x <4, find all values of x at which the graph of f has a point of inflection. Justify your

Answer.

(b) Find f(-4) and f(4).

(¢) For —4 < x < 4, find the value of x at which f has an absolute maximum. Justify your answer,

(a) [’ changes from decreasing to increasing at x = -2 and from

increasing to decreasing at x = 0. Therefore, the graph of f has
points of inflection at x = -2 and x = 0.

-4
by f(~4)=5+] "g(x)dx

5. {l s identifies x = 2 orx =0
" | 1 : answer with justification

2: f(-4)
=5-8-27)=27r-3 1 : integral
1 : value
4 . .
f(4) =5+ (5e/* -3) ax 5:13:/(4)
¢ 1 : integral
_ -x/3 x=4 ) s B
=5+ (—ISe - 3x) <0 1 : antiderivative
=8 ]5c~4/3 1 : value
(¢) Since f’(x)> 0 onthe intervals —4 < x < -2 and 5, { 1 : answer
“ | 1 justification

2<x< 3ln(§), J is increasing on the interval

s
4 ¥ _3ln(3).

Since f(x) < 0 on the interval 31n(§) <x<4 fis
decreasing on the interval 3ln(§) <x£4

Therefore, f has an absolute maximum at x = 3ln(-§-).

© 2009 The College Board. All rights reserved.
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Question b

Let f be a twice-differentiable function defined on the interval ¥
—1.2 < x <3.2 with f(1) = 2. The graph of f’, the derivative
of f,is shown above. The graph of f’ crosses the x-axis at

X =-1and x = 3 and has a horizontal tangent at x = 2. Let g

be the function given by g(x) = ¢/

(a) Write an equation for the line tangent to the graph of g
at x = 1.

(b) For —1.2 < x < 3.2, find all values of x at which g has a
local maximum. Justify your answer.

Graph of f”

(c) The second derivative of g is g”(x) = eﬂx)[(f'(,w:))2 + f”(x)]. Is g”(~1) positive, negative, or
zero? Justify your answer.
(d) Find the average rate of change of g’, the derivative of g, over the interval [1, 3].

@ g()y=e/M=¢? 1: g'(x)
g’ (x) =/ (x), g1) = e/ V(1) = —4e? 3:41:g(1) and g'(1)
The tangent line is given by y = &* — 4¢? (x—=1). | flangent ing equanon

A

(b) g'(x)=e/Vf(x) %, { 1 : answer
e/ 5 0 forall x " | 1: justification
So, g" changes from positive to negative only when £

changes from positive to negative. This occurs at x = -1
only. Thus, g has alocal maximum at x = —1.

(© g"(-1= ef('l)[(f'(--l))2 + f”(—-l)] 5 { 1 : answer
D S 0 and Pl =0 1 : justification
Since /” is decreasing on a neighborhood of -1,
J7(=1) <0. Therefore, g"(-1) < 0.
g(3)-g 1) _ Pr3)- Ve 2 1 : difference quotient
(d) = = 2¢e 23
3-1 2 1 : answer
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